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Tangent space to Milnor i^-groups of rings 

S. O. Gorchinskiy, D.V. Osipov 


Abstract 

We prove that the tangent space to the (n + l)-th Milnor A-group of a ring R 
is isomorphic to group of n-th absolute Kahler differentials of R when the ring R 
contains | and has sufficiently many invertible elements. More precisely, the latter 
condition is that R is weakly 5-fold stable in the sense of Morrow. 


1 Introduction 

The Milnor JOgroup K^{R) of a commutative associative unital ring R is generated by 
symbols {ri,...,r„}, r* G R*, that satisfy the Steinberg relations (see Dehnition 12.ip . 
Studying Milnor iT-groups, one often requires that R has sufficiently many invertible 
elements. In this context, van der Kallen [9] has introduced the notion of a /c-fold stable 
ring for a natural number k (see Remark I2.4f i)). Recently Morrow [H] dehned weakly 
fc-fold stable rings (see Definition 12.2p . Note that for any commutative associative unital 
ring A, the ring of Laurent series A{{t)) is weakly fc-fold stable for all fc, while for many 
natural rings A, the ring ^((t)) is not fc-fold stable for any k (see Remark l2.4f iiD. 

Let £ be a formal variable such that = 0. By a tangent space TK^{R) to Milnor 
R-group, we mean the kernel of the natural homomorphism {^R[e\) —?■ K^{R) (see 
Dehnition 12.Sp . Let denote the group of n-th absolute Kahler differentials of R. 
Following Bloch pQ, one constructs a natural homomorphism (see Dehnition 12.7p 

B ; TK^_,,{R)^Q],. 

In particular, for any collection of invertible elements ri,... ,r„ G R* and any element 
s G R, the homomorphism B sends the symbol {1 -|- sri... e, ri,..., r^} to the diher- 
ential form sdri A ... A (see Example 12.8p . 

The aim of the paper is to prove that B is an isomorphism when R contains | and is 
weakly 5-fold stable (see Theorem I2.9p . 

Besides being of independent interest, this statement is also of utmost importance 
for the proof of the explicit formula and the universal property of the higher-dimensional 
Contou-Carrere symbol. The proof will be given in the work [7] (the explicit formula was 
also announced in the short note [6]). In this proof, Theorem 12.91 is applied to the ring 
of iterated Laurent series R = A((ti))... ((tn)) over a ring A. Thus it is important that 
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Theorem 12.91 is valid for any weakly 5-fold stable ring and not only for a 5-fold stable 
ring. 

Let us explain how to deduce Theorem 12.91 in a weaker form from previously known 
results of van der Kallen and Bloch. Namely, in [S] it was constructed a natural isomor¬ 
phism TK 2 {R) — for any ring R that contains where TK 2 {R) is the tangent space 
to the algebraic iL-group K 2 {R). Later it was proved in [9l Theor. 7.1, 8.4] that for a 5-fold 
stable ring R, there is an isomorphism K^{R) ~ K 2 {R), whence TK^{R) ~ TK 2 {R). 
The resulting isomorphism TK^{R) ~ hljj coincides with B. This proves Theorem 12.91 
when n = 1 and i? is a 5-fold stable ring that contains |. Using the case n = 1 and 
closely following the strategy from [1], it is possible to obtain Theorem 12.91 when n is 
an arbitrary natural number and i? is a 5-fold stable ring that contains | (but not a 
weakly 5-fold stable ring as in Theorem 12.91 itselfb See also a recent paper of Dribus [1] 
for a more general statement about 5-fold stable rings, which is an analog for Milnor 
/L-groups of the famous theorem of Goodwillie [5]. 

Notice that the above approach to a weaker form of Theorem 12.91 is based on the 
machinery of algebraic iL-theory, in particular, on hard results of van der Kallen [9] about 
elements in the Steinberg extension. However, the theorem is essentially a statement 
about relations between symbols in Milnor iL-groups (/?[£]) and it is natural to 
expect that there exists a direct proof in terms of symbols only. In this paper, we give 
such proof. 

We prove Theorem 12.91 following the strategy from [T] but replacing van der Kallen’s 
results on the algebraic JL-group K 2 by explicit calculations with symbols in the Milnor 
K-group {R[e\) (see Lemmas 13.31 and l3.4p . We believe that these calculations have 
their own interest as well. 

The authors are grateful to C. Shramov for helpful discussions and to the referee for 
suggestions concerning the exposition. 

2 Statement of the main result 

For short, by a ring we mean a commutative associative unital ring and by a group 
functor, we mean a covariant functor from the category of commutative associative unital 
rings to the category of abelian groups. Fix a natural number n ^ 0. 

2.1 Milnor A'-groups 

Recall the following well-known dehnition. 

Definition 2.1. The n-th Milnor K-group Kff{R) of a ring R is the n-th homogenous 
component of the graded ring 

0Kf(R) := 0(R*)®VSt, 

where St is the homogenous ideal generated by all elements of type r(8)(l —r) G R*^zR*- 
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We denote the group law in K^{R) additively. Explicitly, K^{R) is the quotient 
group of the group (i?*)®” by the subgroup generated by all elements of type 

ri (g)... (g) Ti ® r ® (1 - r) (g) ^+3 (g ... (g , 

which are called Steinberg relations. Note that in this tensor, r and 1 — r come one 
after another and are not separated. The class in K^{R) of a tensor ri(g...(gr„, 
where r* G R*, is denoted by {ri,... ,r„} and is usually called a symbol. Thus we do 
not require additional relations on symbols besides the multilinearity and the Steinberg 
relations. In particular, we have that K^{R) = Z and K^{R) = R*. 

Clearly, is a group functor. Denote by VR the group functor that sends a ring R 
to the group of n-th absolute Kahler differentials It is easy to check that there is a 
morphism of group functors 

d log : ^ D*", {ri,..., r„} 1 —> — A ... A — . 

n rn 

2.2 Weakly stable rings 

Recall the following dehnition given by Morrow in m Def. 3.1] (this is a slightly different 
form, which is equivalent to the one from op. cit.). 

Definition 2.2. Given a natural number k ^ 2, a. ring R is called weakly k-fold stable 
if for any collection of elements ri,... ,rk-i G R, there is an invertible element r & R* 
such that the elements ri + r,..., rk-i + r are invertible in R. 

Example 2.3. 

(i) A ring R is weakly 2-fold stable if and only if any element from i? is a sum of two 
invertible elements. 

(ii) A semi-local ring is weakly /c-fold stable if and only if each of its residue helds 
contains at least k + 1 elements, [m Rem. 3.3]. 

(hi) For any ring A, the ring of Laurent series A((t)) = A[[t]][t“^] is weakly fc-fold stable 
for all k ^ 2. In fact, one can take an invertible element r in Dehnition 12.21 to be 
equal to an element E for a suitable i G Z. 

Remark 2.4. 

(i) Let k ^ 1. Recall from [9j that a ring R is k-fold stable if for any collection of 
elements ri, si,..., r*,, with ri,Si E R such that 

riR + siR = ... = rkR + SkR = R , 

there is an element r E R such that ri -|- rsi ,... ,rk + rsk E R*. Note that if 
k ^ 2, then /c-fold stability implies {k — l)-fold stability and also implies weak 
/c-fold stability, [HI §3.1]. 
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(ii) Following the same idea as in m Rem. 3.5], we observe that the ring of Laurent 
series A{(t)) can be even not 1-fold stable and hence not fc-fold stable for any 
k ^ 1. Namely, suppose that Spec(R) is connected, A has no nilpotent elements 
and has a non-invertible element a G R. Then the pair a, at~^ + 1 breaks the 
1-fold stability for A((f)), that is, there is no a Laurent series / G ^((t)) such that 
a + -I- 1) G A((f))*. Indeed, one shows that the first non-zero coefficient in 

a + -|- 1) belongs to the ideal (a) C A. Hence this coefficient is not invertible 

in A. Recall that for A as above, a Laurent series in A{{t)) is invertible if and only 
if its first non-zero coefficient is invertible, see [21 Lem. 1.3] and [21 Lem. 0.8]. This 
implies that a + f{at~^ -|- 1) is not invertible. 

2.3 Tangent spaces to group functors 

Below e denotes a formal variable that satishes = 0. Thus for any ring R, we have an 

isomorphism R[e] ~ R[x]/{x‘^), where x is a formal variable. 

Definition 2.5. Given a group functor F, a tangent space TF to F is the group functor 

TF{R) := Ker(F(R[£]) ^ F{R)) . 

In particular, there is a decomposition F(^R[e]) ~ F{R) x TF{R). 

Example 2.6. 

(i) We have that d{e^) = 2ede = 0 in and a calculation shows that there is an 
isomorphism of R-modules 

TQ^+\R)c^{eQ]+^)®{deAQl)®{{edeAQl}/2{edeAQl)) . (1) 

In particular, if ^ G i?, then the last summand equals zero. 

(ii) There is a group decomposition R[e]* ~ R* x (1-1-Re). It follows that the subgroup 
TK^_^_i{R) C K^+iiR) is generated by symbols {mi, ... ,Un}, where each element 
Ui G R[e]* is either from the subgroup R* or from the subgroup 1 -|- Re, and at 
least one Ui is from 1 -|- Re. 

Following a construction of Bloch [T], we give the next dehnition. 

Definition 2.7. Denote by 

B : ^ D” 

the morphism of group functors obtained as the composition of dlog: -A 

and the projection to the direct summand D” ~ de A D"' in decomposition (fTl). 

Example 2.8. For any collection of invertible elements ri,... ,r„ G R* and any element 

s E R, there is an equality 

R {1 -|- sri... e, ri,..., r„} = sdri A ... A dr^ ■ 
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Indeed, we have that 

d{l + STi.. .Tn e) 

1 + sri.. .rnE 


(1 - sri... Tn e)d{sri ... e) = 


= ed{sri... Tn) + sri ... r^de — (sri ... TnYede . 
Therefore, there are equalities 


dlog{l + sri.. .r„£,ri,... ,r„} 


dil + sri.. .rns) dri dvn 

i^ A — A...A — 

1 + sri... £ ri 


= £ ( d{sri ... r„) A A ... A ) + de A {sdri A ... A dr„) — 

n Tr, 


— ede A (s^ri... r^dri A ... A dr„) . 


The projection of this element to the direct summand ~ deAhl^ in decomposition ([T]) 
equals sdri A ... A dvn- 


Here is the main result of the paper. 

Theorem 2.9. Let R be a ring such that R contains ^ and is weakly 5-fold stable. Then 
the homomorphism B: —)■ is an isomorphism. 

We do not know whether Theorem 12.91 is true for weakly 4-fold stable rings contain¬ 
ing i. 


3 Proof of the main result 

As above, n ^ 0 is a natural number and e denotes a formal variable that satisfies the 
relation = 0. 

3.1 Auxiliary results 

We start with the following elementary lemma. 

Lemma 3.1. Let G be an Abelian group. Suppose there exists an automorphism 
ip: G ^ G such that G is generated by elements g E G that satisfy p{g) = 2^ ■ g for 
some natural number i ^ 1 depending on g. Then the group G is uniguely 2-divisible. 

Proof. We need to show that multiplication by 2 is a bijection from G to itself. Dehne 
the following increasing filtration on G: put FqG = {0} and let F; G, / ^ 1, be the sub¬ 
group generated by elements g E G that satisfy p{g) = 2^ ■ g for some natural number i, 
1 ^i ^ 1. It is enough to show that multiplication by 2 is a bijection on each adjoint 
quotient Fi G/Fi^i G, I ^ 1. It is easily seen that the filtration is preserved by any endo¬ 
morphism of the group G that commutes with p. In particular, the filtration is preserved 
by the automorphism p itself and by the inverse p~^. Therefore the automorphism p 
induces an automorphism on each adjoint quotient FiG/Fi_iG. On the other hand, by 
construction of the filtration, the automorphism p acts on Fi G/Fi^i G as multiplication 
by 2h This finishes the proof. □ 
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Lemma [3.11 implies that following useful result. 

Proposition 3.2. Assume that a ring R contains Then the group TK^^{R) is 
uniguely 2-divisihle. 

Proof. Consider a ring automorphism of R[e\ that sends e to 2e and is identity on R. 
It induces an automorphism ip\ Because of the equality 

1 + 2re = (1 + reY, r E R, Example I2.6f ii) implies that (p acts as multiplication by 
positive powers of 2 on symbols in TK^+Y^)- By Lemma IdTTl this proves the proposition. 

□ 


Now we prove two lemmas on the Milnor JL-group 
Lemma 3.3. Let R be any ring. 

(i) For all elements a E R* and h E R such that 1 — a E R*, there is an eguality 
m K^{R[e\) 

[ a 1 — a J 

(a) For all elements ri,r 2 E R* such thatri+r 2 E R*, there is an eguality in {R[s\) 

2{1 + ris, 1 + r 2 e} = 0 . 

(Hi) Suppose that \ E R and R is weakly 4:-fold stable. Then for all elements ri, r 2 G R, 
there is an eguality in {^R[e\) 

{1 + ri 1 + r 2 e} = 0 . 

Proof, (i) We have the Steinberg relation in 

{a-h be, 1 — a — be} = 0 . ( 2 ) 


Note that 

a + 6 £ = a^lH— , 1 — a — fe£ = (l — a)^l — -. (3) 

Using multilinearity and the Steinberg relation {a, 1 — a} = 0 in Kf^iR), we see that ([2]) 
and (E]) imply the equality 

a, 1 — -+ / iH— £,1 — / l H— £,1 — -£ 1 = 0 . (4) 

1 — aj [ a J I a 1 — a J 

Applying the automorphism of R[e\ that sends £ to —£ and is identity on i?, we get the 
equality 

< a, 1 + --£l + <1-£, 1 — a\ + <1-£, 1 + --£ 1 = 0 . (5) 

[ 1 — aJ [ a J I a 1 — a J 
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Since (1 + re) ^ = 1 — re for any r E R, the sum of (j4]) and ([5]) gives 


2 


1 H— e, 1 — 
a 



0 . 


Taking the inverse element in the group K 2 {R[s]'), we obtain item (i). 

{ii) Apply item (i) with 

ra rira 

a = -, 0 = -. 

ri + r2 ri + r2 

{in) Since (1 + S 2 £) • (1 + S 2 e) = 1 + (si + S 2 ) e for all si, S 2 G R, Example I2.3l ii 
implies that we may assume ri,r 2 € R*. Since R is weakly 4-fold stable, there exists 
r E R* such that 

+ ^2 ri* 

ri +r, r 2 + r, — - - \-r E R . 

In particular, we have that ri -|- r 2 -|- 2r G R* and 2r E R*. It follows from item (ii) that 
there are equalities 


0 = 2{1 (ri 4- r)e, 1 -f (r 2 4- r)e} = 2{1 + ris,! + r 2 e} + 2{1 + re,l + r 2 £}4- 

-42{1 + TiE,! + re) + 2{1 + re,l + re) = 2{l + rie,l + r2e} . 

Together with Proposition 13.21 this proves item {Hi). □ 

Lemma 3.4. Let R be a ring such that \ E R and R is weakly A-fold stable. Let 
ri,... ,rjv G R*, N ^ 2, be such that ri + ... + r^ = 0. Then there is an equality 
m Ki^{R[e]) 

{1 4- ri e, ri} -4 ... -4 {1 4- r^ e, rjv} = 0 . 

Proof. We use induction on N. To prove the lemma for the case N = 2, observe that 


{1 -4 ri e, ri} -4 {1 + r 2 e, r 2 } = {1 -4 ri e, rj -4 {1 - ri e, -rj = 

= {1 -4 ri e, ri} - {1 -4 ri £, -rj = {1 -4 n e, -1} 
and use Proposition 13.21 

To prove the lemma for the case = 3, by the case = 2, it is enough to show the 
equality 

{1 -4 (ri -4 r2) e, ri -4 r2} - {1 -4 ri e, ri} - {1 -4 r2 e, r2} = 0 . 

This is equivalent to the equality 


{1 -4 (ri -4 r 2 ) e, ri + r 2 - rir 2 e} - {1 -4 ri e, rj - {1 -4 r 2 e, r 2 } = 0 , (6) 

because the symbol {l 4 -(ri- 4 r 2 ) e, 1 — equals zero by Lemma [33f ink Formula (jb]) 

is essentially proved by Suslin and Yarosh in [T21 Lem. 3.5] (see also [IHl Sublem. 3.3]). 
Namely, by multilinearity, the left hand side in ([H]) is equal to 

|l + rie:, 1 -4 ^ - r2£:| -4 |l + r2e:, 1 -4 ^ - risj . (7) 
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Applying the Steinberg relation twice, we obtain the eqnalities 


f'2 

1 + ri e, IH-r2 £ 

ri 


(1 + ri£) 




1 


H-r2 e 

ri 


— -, 1 H-^2 e 

ri ri 




rira 


ri + ra 



- 1 - ^1^2 

\ ri ri + ra j ’ 

Since the last expression is antisymmetric with respect to ri and ra, we obtain that Q 
equals zero. This proves the case N = 3. 

Now let us make the induction step for iV ^ 4. For short, put (s) := {1 + se, s}, 
where s G R*. The case N = 2 asserts that (—s) = —(s) for any s G R*. The case N = 3 
asserts that (si + sa) = (si) + (sa) for all si, sa G R* such that Si + Sa G R*. Since R is 
weakly 4-fold stable, there is r G i?* such that 


r + ri, r + ri + r 2 , r + ri + r 2 + rs e R*. 


We obtain the equalities 

(ri) ... 4- {tn) = -(r) -4 (r) -4 (ri) -4 ... + {tn) = 

= (-r) + {r + ri) + (ra) -4 ... + (rAr) = (-r) + {r + n + ra) -4 (rg) -4 ... -4 (r^v) = 

= (-r) + {r + ri + r 2 + rg) -4 {vi) -4 ... -4 (r^) ■ (8) 

Expression (0) contains N — 1 summands and all elements in angle parenthesis are 
from R*. Besides, we have 


(-r) + {r + ri + r 2 + rs) + + ... + vn = 0 . 

Therefore, by the induction hypothesis, we obtain that (IH]) equals zero. This proves the 
lemma. □ 

Finally, recall the following result, which is proved in [TTl Lem. 3.6] with a method 
of Nesterenko and Suslin from m Lem. 3.2] (see also Lemma 2.2 from the paper of 
Kerz |inj). 

Lemma 3.5. Let R be a weakly 5-fold stable ring. Then for all elements r,s & R*, there 
are equalities in K^{R) 


{r, —r} = 0 , {r, s} = —{s, r} . 

Here, the second equality follows in a standard way from the hrst one and the identity 
{r, s} -|- {s, r} = {rs, —rs} — {r, —r} — {s, —s} . 
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3.2 Proof of Theorem 12.9 

If i? is a weakly 2-fold stable ring, then by Example I2.3l i). the group 12^ is generated 
by differential forms sdri A ... A where ri,..., G i?*, s G i?. The next lemma is 
similar to [H, Lem. 1.8] and the proof is straightforward. 

Lemma 3.6. Let R be a weakly 2-fold stable ring. Let M be an R-module and let 
f: M be a map of sets such that 

(i) f is alternating: for all ri,... ,rn & R* and 1 ^ i ^ n — 1, we have 

/(ri,..., A, rj+i,..., r„) = -/(ri,..., r^+i, a, ..., r„) 

and if Vi = r^+i, then /(ri,... ... ,r„) = 0; 

(a) f satisfies the Leibniz rule: for all ri,r^,r 2 ,... ,r„ G R*, we have 

/(rir', rs,..., r„) = ri/(r', ra, ...,r^)+ r'/(ri, ra,..., r„) ; 

(Hi) f is additively multilinear: for all rn,..., ri^, r 2 ..., G i?* (where N ^ 2) such 
that rii -|- ... -f riN = 0, we have 

/(rii, r2, ...,rn) + ... + fiviN, r2,..., r„) = 0 . 

Then there is a unigue homomorphism of R-modules F: —)■ M such that for all 

ri,... ,rn E R* and s E R, we have that F{sdri A ... A dr^) = s/(ri,... ,r„). 

Note that it is important to require in Lemma \3.6i iii) that iV ^ 2 is an arbitrary 
natural number, because the sum of invertible elements of a ring is not necessarily an 
invertible element. However for a weakly 4-fold stable ring R, the case of an arbitrary 
number N can be reduced to the cases N = 2, 3, which can be shown by the method 
from the end of the proof of Lemma 13.41 

In order to apply Lemma 13.61 we dehne an i?-module structure on the 
group (cf. [h Lem. 1.4,1.5]). 

Proposition 3.7. Let R be a weakly 5-fold stable ring such that \ E R. Then the 
following is true: 

(i) The group TK(fj^.^{R) is generated by symbols of type {1 -|- sri... e, ri,... ,r„}, 
where ri,..., G R*, s E R. 

(a) The action of R on the ring R[e] by endomorphisms that send e to ae, where a E R, 
and are identity on R defines an R-module structure on TK(((_.^^{R) such that 

a : {1sri.. .r„e,ri,... ,r„} I—)■ {1-h asn ... e, n,..., . (9) 
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Proof, {i) It is easy to see that if R is weakly fc-fold stable, then so is the ring 
Hence Lemma [3.51 holds for the weakly 5-fold stable ring R[e]. Now combine this with 
Example I2.6lf iil and Lemma ■ 

{ii) The only non-trivial statement is distributivity with respect to elements from R, 
that is, the equality (a-|- b)v = av + bv for all a,b ^ R, v E TK^^{R). This follows from 
item [i) and formula ([9]). □ 

Formula ([9]) implies that the map B (see Definition 12.7p is a homomorphism of 
/^-modules. 

Now we are ready to prove the main result of the paper. 

Proof of Theorem \2.9[ Following the strategy from [T], we construct the inverse to the 
map B. By Proposition l3.7f nL the group is an i?-module. Let us apply 

Lemma 13.61 to the map 

For this, we need to check that / satishes all conditions from LemmaWe use notation 
of this lemma. The map / is alternating by Proposition 13.21 and Lemma 13751 The Leibniz 
rule for / follows from the equalities (see also formula (p|)) 

{1 + rir[r2 .. .rne,rir[,r2,... ,rr,} = 

= {1 rir[r 2 .. .r„£,r(,r 2 ,...,r„} {1 -h rir[r 2 .. .r„£,ri,r 2 ,... ,r„} = 

= ri{l r[r 2 ...rnS, r[, r 2 ,..., -h r[{l + rir 2 ...r^e, ri, rs,..., r„} . 

Finally, we show that / is an additively multilinear map. Indeed, by Lemma [3.41 there 
is an equality in (^R[e]) 


{1 -h rii £, rii} -h ... -h {1 riAT £, Tiat} = 0 . 

Applying the action of the element r 2 ... G i? (see formula ([9])), we obtain the equality 

{1 riir2 ...rnS, rn} -h ... -h {1 -h riNr2 • • • e, ri^} = 0 . 

Taking the product with the symbol {r 2 ,..., r„} G Kff_.^^{R), we get the required equality. 

Thus by Lemma [3.61 we obtain a homomorphism of i?-modules F: —)■ TK^_^_.^{R) 

such that for all ri,..., G i?* and s G i?, we have that 

F{sdri A ... A dr^) = {1 sri.. .r„£,ri,... ,r„} . (10) 

By Proposition l3.7f D. T is generated by symbols from the right hand side 
of fITUD . Also, is generated by differential forms from the left hand side of fITU]) . 
Therefore formula fITU]) together with Example 12.81 imply that the maps B and F are 
inverse to each other. This hnishes the proof of Theorem 12.91 □ 
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